Parametric downconversion in submicronic periodically poled (PP) quadratic materials allows the generation of signal and idler waves in opposite directions. The distributed feedback mechanism enables a backward mirrorless optical parametric oscillator (BMOPO), which has been experimentally realized using a periodically-poled KTP crystal with 800 nm periodicity. A remarkable spectral property of the BMOPO is that the bandwidth of the forward co-propagating wave is comparable to the pump bandwidth, whereas that of the backward wave is typically several orders of magnitude narrower. In the backward idler configuration realized in PPKTP the backward idler exhibits a coherence gain of two orders of magnitude. In this paper we will consider the backward signal configuration, where the effect of coherence enhancement of the backward signal wave is especially pronounced for exact group velocity matching of the co-propagating pump and idler waves. This QPM scheme requires a 335 nm scale poling periodicity which may be achieved in GaN waveguides, combining e-beam lithography and epitaxy. However, during the lithography step necessary to obtain the PP material, stitching faults may occur. The BMOPO device is then formed by a sequence of 200 microns long PP elements stuck together and we assume that the stitching faults do not exceed half of the poling period, in order to prevent the parametric reverse process. The original three-wave QPM model with the explicit periodicity of the nonlinear parametric coupling is necessary for taking into account the periodicity faults in the junctions. Thanks to the High Performance Computing facility available at Nice University, we analyse the parametric downconversion efficiency and the coherence gain of the backward signal versus the stochastic pump bandwidth in a large pump bandwidth range. We show that if the stitching faults do not exceed a quarter of the poling period, i.e. less than 80 nm, which is technically feasible, the efficiency is comparable to the BMOPO in the perfect PP material. In any case, for an incoherent pump of broad spectral bandwidth we obtain a coherence gain of almost three orders of magnitude. c 2014 Optical Society of America OCIS codes: 030. 1640, 190.4410, 190.4970, 190 .5970, 230.4320
Introduction
Optical parametric oscillators based on periodically poled (PP) nonlinear quadratic materials, with submicronic poling period allow the generation of quasi-phase-matched (QPM) signal and idler waves in opposite directions [1, 2] . The distributed feedback mechanism enables backward mirrorless optical parametric oscillation (BMOPO). This has been experimentally realized in the backward idler configuration using a periodically-poled KTiOPO 4 (PPKTP) crystal with Λ G = 800 nm periodicity as a QPM nonlinear medium [3] . A remarkable spectral property of the BMOPO is that the co-propagating forward wave has a bandwidth comparable to the pump bandwidth, whereas that of the backward wave is typically several orders of magnitude narrower. Two orders of magnitude have been obtained in this backward idler configuration, recently demonstrated both experimentally and numerically for a pump wave whose bandwidth is stretched by deterministic phase modulation in a PPKTP BMOPO for relatively narrowband (1.2 THz) linearly-chirped pump pulses [4] and relatively broadband (4 THz) pump pulses too [5] .
In this paper we will consider the backward signal configuration, where the effect of coherence enhancement of the backward signal wave is especially pronounced owing to the possibility of exact group velocity matching of the forward co-propagating pump and idler waves. But the short nanometric periods required for QPM have been only experimentally achieved, up to now in GaN, combining e-beam lithography and epitaxy [6] - [8] . Asymmetric GaN waveguides grown on (0001) sapphire by molecular beam epitaxy or by metal-organic chemical vapor deposition are promising structures for applications in nonlinear optics. Periodically poled GaN (PPGaN) was used for second harmonic generation [6] and the possibility to grow submicronic PP GaN films [7] opens the door for parametric counterpropagating oscillation thanks to reasonably large second order susceptibility (χ (2) 33 = 10.6 pm/V measured in [8] ), comparable to that of KTP.
However, during the fabrication process of the PPGaN waveguide, stitching errors cannot be avoided for centimeter long interaction lengths. Indeed, during the lithography step necessary to obtain the PP material, the realization of centimeter long devices presenting a submicronic periodicity is not possible without moving the sample under the writing beam. This displacement introduces the stitching faults. We have studied the dynamics in a PPGaN BMOPO formed by a sequence of 200 microns long PP elements (PPGaN bricks) stuck together, so that the stitching faults do not exceed half of the poling period Λ G in order to avoid the switch from parametric downconversion to the reverse process of sum frequency generation, which combines signal and idler to create pump [9, 10] . The defects will also affect the parametric downconversion efficiency and the phenomenon of coherence enhancement which decrease as the amplitude of the perturbations increases. In order to take into account the periodicity perturbations leading to phase shifts in the junctions between the perfect QPM PP segments, we must consider the original QPM model [11, 12] with the complete explicit dependece of the nonlinear coupling parameter, without substituting the grating periodicity by an effective quadratic nonlinearity, i.e. without introducing the usual exact phase-matching approximation [13] .
Our aim here is to study the coherence transfer for a broad bandwidth stochastic pump.
The generation of a coherent wave in the process of parametric down-conversion of an incoherent wave by the convection-induced phase-locking mechanism has been the object of theoretical and numerical studies [14] - [18] . In accordance with this mechanism, the phase modulation in the pump is coherently transferred to the forward parametric wave, while the backward wave retains a narrow bandwidth and high coherence. Some recent studies show the parametric amplification of the signal wave by conversion of a broadband incoherent pump to the group velocity matched idler wave in the forward three-wave interaction [19] - [21] and using the generalized nonlinear envelope equation [22] . Thanks to the 1200 multiprocessor computer facility (HPC) of the "Centre de Calcul Interactif" hosted by the "Université Nice Sophia Antipolis", the coherence transfer mechanism is studied here for broad incoherent pump pulses in a large spectral bandwidth range [0.08 GHz -6.0 THz]. We analyse the downconversion efficiency versus the stochastic pump bandwidth for fragmented PPGaN BMOPOs whose stitched junctions have a perturbation length lower than Λ G /2, and we compare them to the perfect PPGaN BMOPO. For a stochastic pump of broad spectral bandwidth and maximum perturbation length of 80 nm, which is technically feasible, we obtain a coherence gain of almost three orders of magnitude.
BMOPO model for a QPM fragmented waveguide
In a BMOPO, the pump wave is downconverted into forward-propagating and backwardpropagating parametric waves, in accordance with energy conservation, ω p = ω s + ω i and counterpropagating quasi-phase matching, k p + k s − k i = K G , where j = p, s, i denote the pump, the backward signal and the forward idler waves, respectively. K G = 2π/Λ G is the grating wave vector given by Λ G , the modulation period of the second-order nonlinear coefficient. The coherence enhancement effect of the backward wave is especially pronounced when the pump wavelength and the index profile of the waveguide are chosen so that the group velocities of the pump and the forward idler wave are exactly matched [15] . This configuration may be achieved in a GaN waveguide with a group velocity dispersion modified by a particular profile of the refractive index [17] , a technique widely used in fibers to compensate the material dispersion with the waveguide dispersion [23] . For z-polarized waves in PPGaN, matching group velocities can be achieved by designing the index profile so that the pump and the forward wave are on different sides of the maximum on the group-velocity curve shown in Fig. 1 . This shape of group-velocity curve may be obtained in the guided PPGaN structure composed of a ridge GaN waveguide of 2 μm in the width and 1.8 μm in the depth on a AlInN buffer which has been realized on sapphire substrate by epitaxy. The Sellmeier relation given in [8] is used for material dispersion, and finite waveguide dispersion corrections [17] yield the group-velocity curve of Fig. 1 This may be realized in the GaN structure combining e-beam lithography and epitaxy [7, 8] . To fulfil QPM condition with the set of wavelengths chosen here we need a periodicity of the grating of Λ G = 335 nm. Fig. 1 . Group velocity for z-polarized waves in GaN as function of the wavelength, calculated from the Sellmeier expansion [8] with a particular profile of the refractive index of the guide [17] . The triangles mark the configuration of perfectely matched pump and idler group velocities (|v p − v i | = 0), and are labeled P for the pump, S for the backward signal, and I for the idler.
The pump intensity required to reach threshold for BMOPO operation, I p,th , can be estimated from the plane-wave monochromatic model for the undepleted pump parametric approximation [2] as
ef f , where c is the speed of light in vacuum, ε 0 is the permittivity of free space, n j denotes the refractive indices, λ j denotes the backward and forward wavelengths, L is the nonlinear interaction length and d ef f is the effective quadratic nonlinearity.
Numerical simulations of the nonlinear three-wave interactions in a BMOPO solve the coupled three wave equations in the slowly-varying-envelope approximation. The parameters used in the model are those of a periodically poled GaN waveguide (PPGaN) grown by epitaxy on sapphire substrates [6] and presenting submicronic periodicity of the χ (2) coefficient [7] . The effective nonlinear coefficient is then given by d ef f = (2/π)χ
33 . Depending on the experimental measurement of χ (2) 33 , d ef f varies from 7 pm/V [8] to 3.8 pm/V [24] (±45% of accuracy). For the mechanism studied here we will take the value of d ef f = 5 pm/V. In order to account for stitching faults in the joints, or periodicity perturbations, simulated through phase shifts between the perfect QPM segments, we call on the original QPM model [11, 12] , without substituting the grating periodicity of the nonlinear coupling parameter by an effective quadratic nonlinearity. Indeed, we have shown -within the exact phase-matching model -, that the parametric downconversion efficiency and the coherence enhancement is as high as for the perfect single piece PP waveguide whatever be the number of segments separated by uniformly polarized sections [13] . This would correspond to an ideal case where the separation of the perfect PP segments has the length of an entire number of grating periods.
The field amplitudes, A j (j = p, s, i), of the pump and the parametric backward signal wave and forward idler wave, evolve with the coupled equations:
where γ j and β j ≡ v j β 2,j /2 are the damping and dispersion coefficients, and σ j = 2πd ef f v j /λ j n j are the nonlinear coupling coefficients in the PP elements, with the spatial period Λ G = 2π/K G of the periodic poled χ
33 domains and ΔK = k p + k s − k i . By expanding the second-order susceptibility in Fourier series and retaining the first order we obtain χ [2] . Inside the PP elements σ j cos(K G x) is periodically perfect, so that QPM is not affected by fluctuating nonlinearity [31] or random effects [25, 26] , which would lead to effective nonlinear losses. The stitching faults introduced through finite phase shift perturbations δφ m (x) (m=1,N-1) between the N stuck PP segments (cf. Fig. 2 ) are only located at each junction m. We take them to be randomly distributed in the interval (0, pπ)), with p < 1 to avoid the parametric reverse process. In order to preserve efficient paramet-ric amplification and coherence enhancement we will limit ourselves to phase perturbations δφ m (x) ≤ π/2, which correspond to perturbation lengths ≤ Λ G /4. By expanding the secondorder susceptibility of the domains in Fourier series and retaining the first order grating we obtain χ [2] . The exact phase-matched model equations [13] are obtained from equations (1) by imposing the matching condition exp(iK G x) = exp(iΔKx) but differ by non-phase-matched terms. As known [27] , the parametric growth rate governed by (1) is lower than that for the exact QPM model.
The input parameters in the model are the properties of the nonlinear medium and the pump amplitude at the input face, A p (x = 0, t), generating outputs of A p (x = L, t), A i (x = L, t) and A s (x = 0, t). The nonlinear counterpropagation dynamics in the quadratic BMOPO in the presence of group-velocity dispersion, which introduces second-order time derivatives, makes use of the numerical scheme which combines the trajectories method and 4th-order Runge Kutta algorithm for the treatment of the nonlinear counterpropagating three-wave interaction, extensively used for the treatment of stimulated Brillouin backscattering problems [28, 29] , with fast Fourier transformation (FFT) to account for the groupvelocity dispersion effects in the spectral domain [30] .
The nonlinear medium is a GaN structured ensemble composed by a train of N periodicallypoled GaN elements of length disposed in a straight row as shown in Fig. 2 . Simulations for this segmented structure of length L= N , where a random phase-shift δφ m (x) (m=1,N-1) takes place at each jonction m, representing the stitching fault between the N stuck PP segments, associated to a physical stitching length δL m (x) = Λ G (δφ m (x)/(2π), will be compared to the case of a one piece perfect PP medium of length L without phase-shifts. For L = 64 = 1.25 cm, each PP element has a length = 195 μm. The waveguide has a section S eff = 3.6 μm 2 .
We choose the three QPM waves marked on the Fig. 1 , and we model BMOPO operation with a broadband stochastic pump pulse with a FWHM temporal length of 150 ps, and where the spectral FWHM width Δν p (0) centered at λ p = 1.06μm varies in a large spectral bandwidth range [0.08 GHz -6. The QPM period as low as Λ G = 335 nm may be realized in GaN by combining e-beam lithography and epitaxy [8] .
The pump pulse is issued from a Gaussian stochastic process translationally invariant with zero mean A p (x = 0, t) and exponential autocorrelation function
where τ c = 1/πΔν p is the correlation time. Note that, while the pump phase fluctuations are absorbed by the idler wave thanks to the phase-locking mechanism, the generation of the signal still remains affected by the intensity fluctuations of the pump. In the presence of small group velocity difference between the pump and the signal, which is the case for the forward OPO, pump intensity fluctuations are partly transferred to the signal component [16, 18] . Conversely, in the presence of the strong group velocity difference of the backward MOPO, intensity fluctuations of the pump are averaged by the strong convection effect, which thus leads to an enhancement of the coherence of the backward wave [5] [13] . The higher the incoherence of the pump, the larger the amount of coherence transfer as studied in section V.B of Ref. [15] .
Stochastic BMOPO operation in both continuous and segmented structures are simulated with a pump pulse of intensity I p = 4 GW/cm 2 , the BMOPO threshold intensity being I p,th = 2 GW/cm 2 . The peak power yields 140 W, a pulsed energy of 20 nJ, and a fluence of 0.6 J/cm 2 which remains below the damage threshold for GaN [32, 33] .
The resonant three-wave interaction inside the PPGaN BMOPO composed of the 64 PP segments is illustrated in Fig 3. We show in Fig 3(a) , at time t = 254 ns near the maximum of the nonlinear interaction, the forward stochastic pump amplitude, the induced stochastic forward idler amplitude and the resulting high coherent backward amplitude. The phaselocking behaviour inside the entire BMOPO length L is illustrated in Fig 3(b) and zoomed in the the first L/10 length in Fig 3(c) . We remark that the forward idler phase is a replica (phase conjugate) of the stochastic pump phase, whereas the backward signal phase remains almost constant throughout the medium. As expected from the convection-induced phaselocking mechanism, even for the fragmented BMOPO, the stochastic phase modulation in the pump is essentially transferred to the forward idler, while the phase of the backward signal is almost constant.
To avoid other nonlinearities, such as stimulated Raman scattering, which is the most harmful nonlinearity competing with the parametric downconversion [3] , we can further decrease the pump intensity and increase the interaction length. With I p = 2 GW/cm 2 and a fluence of 0.3 J/cm 2 , and for a pump depletion of 15% we attain a coherence gain
Efficiency and coherence gain within the quasi-phase-matching model
In order to account for stitching faults which are able to arise in the joints, simulated through phase shifts or finite perturbations between the perfect QPM segments we use the original QPM model of Eqs. (1), without substituting the grating periodicity of the nonlinear coupling parameter by an effective quadratic nonlinearity. Within this QPM model, the pump depletion or parametric downconversion efficiency versus initial pump bandwidth for the 64 times segmented BMOPO is compared to the one piece perfect PP waveguide shown in Fig 4(a) , and repeated in the upper curves of Fig 5 and Fig 6 for direct comparison. In Fig 4(b) , it is shown for random phase perturbations in the junctions 0 < δφ m (x) < π/4 (m=1,N-1) and presents a relative efficiency of 93% with respect to the perfect PP waveguide shown in Fig 4(a) . In the lower curve of Fig 5 it is shown for random phase perturbations in the junctions 0 < δφ m (x) < π/3 (m=1,N-1) and the direct comparison to the upper curve for the perfect PP waveguide yields a relative efficiency of 87%. In the lower curve of Fig 6 it is shown for random phase perturbations in the junctions 0 < δφ m (x) < π/2 (m=1,N-1) and the direct comparison to the upper curve for the perfect PP waveguide yields a relative efficiency of 63%. We obtain that the downconversion efficiency and the coherence enhancement are limited by the stitching defects as much as their length increase approaching Λ G /2. For Λ G /2 the downconversion efficiency vanishes. It is interesting to recall that for the ideal case where the stitching length is an entire number of Λ G , the exact phase-matching model provides a parametric downconversion efficiency and a coherence signal enhancement as high as for the single piece perfect PP waveguide, provided that the sum of the PP segment lengths be equal to the length of the uniform PP waveguide [13] . Each point of the curves plotted in Fig 4(a)(b) , Fig 5, and Fig 6 , is a mean value over three different initial phases and requires 21 hours CPU numerical calculation due to the combined Runge-Kutta-FFT procedure [30] . Each curve contains 284 points and the total CPU time for one processor would be 21 × 284 = 5964 CPU hours for each curve. The use of High Performance Computing facility (a 1200 multiprocessor computer) has reduced this time by more than two orders of magnitude.
The apparent random variation of the pump depletion or downconversion efficiency around the mean linear fitting is due to stochastic resonances in the nonlinear medium associated to the initial phase. Its amplitude lowers when the mean value is performed over more initial phases.
The pump and the parametric spectra for the 64 times segmented BMOPO are illustrated in Fig 7 to Fig 9 for increasing pump bandwidth input and increasing phase-shift amplitude perturbation. As we can see, the higher the incoherence of the pump (larger spectral bandwidth), the larger the amount of coherence enhancement of the signal wave. By integrating the spectra, it is found that the conversion into parametric waves for the five chosen cases shown in Table 1 , decrease with increasing pump bandwidth. For an incoherent pump spectrum of FWHM Δν p (L) = 4.54 THz, phase-shift amplitude perturbations in the joints ≤ π/2, and a pump depletion of 0.0256, Figure 9 shows a coherence gain Δν p /Δν s = 467, which is comparable to the perfect PPGaN BMOPO. This maximum stitching of π/2, i.e. 80 nm length, is technically attainable. Table 1 . Parametric downconversion efficiency and coherence gain in the 64 times segmented GaN BMOPO with stitching faults of maximum π/4, of maximum π/3 (marked with * ), and of maximum π/2 (marked with * * ). 
Summary
We have numerically simulated the dynamics of downconversion efficiency and coherence signal enhancement in fragmented BMOPOs formed of a realistic PPGaN waveguide by using stochastic pump pulses from 0.08 GHz to 6.0 THz input bandwidth. We have performed the study with the original quasi-phase-matching model of Eqs. (1) , which allow to consider finite phase perturbations in the junctions between the PPGaN segments in order to account for possible stitching faults. This realistic model assess the limits of the phenomenon of coherence enhancement when the phase perturbations approach half of the poling period because the parametric downconversion is replaced by sum frequency, its reverse process. For stitching errors less than the quarter of the grating period (i.e. less than 80 nm), which is technically acceptable, the efficiency remains comparable to the perfect PP BMOPO, and we may obtain a coherence gain of almost three orders of magnitude.
